Rules for integrands of the form Trig[d + ex]™ (a+bCos[d + ex]P + cSin[d + e x]9)"

1. J-Sin[d+ex]’" (a+bCos[d+ex]?+cSin[d+ex]?)"dx when fez A g-ez A gez ANEZ

1: JSin[d+ex]"‘ (a+bCos[d+ex]P+csSin[d+ex]?)" dx when %ez A 'Z-ez A %ez ANEZ AB<psq

Derivation: Integration by substitution

. 2 __ _Cot[z]?_
Basis: Cos[z]? == 1+Cot[z]2
e P —
Basis: Sin[z]“ == 1+Cot[z]2
Basis: If % e 7, then
x2 1

Sin[d+ex]mF[Cos[d+ex]2, Sin[d+ex]2} ::—%Subst[F AL X, Cot[d+ex]}6XCot[d+ex}

(1+X >m/2+1

Rule:if 2 ez A S ez A $ezZ AneZ AO<p=q,then

(1+x2)7 742 (1+x2)q/2)n

(1 . X2) m/2+nq/2+1

dx, X, Cot[d+ex]]
e

1 (c+bxp
Sin[d+ex]" (a+bCos[d+ex]P+cSin[d+ex]?)"dx — ——Subst[

Program code:

Int[sin[d_.+e_.*x_]"m_x(a_+b_.xcos[d_.+e_.*x_]"p_+c_.*sin[d_.+e_.+x_]~q_)"n_,x_Symbol] :=

Module [ {f=FreeFactors [Cot [d+exx],x]},

-f/exSubst [Int[ExpandToSum[c+bx (1+F 24X 2) " (q/2-p/2) +ax (1+F"2xx"2)~(q/2) ,X] A/ (1+4FA2%x22) A (/2+n%q/2+1) sX] ,x,Cot [d+exx]/f]] /;
FreeQ[{a,b,c,d,e},x] & & IntegerQ[m/2] && IntegerQ[p/2] && IntegerQ[q/2] && IntegerQ[n] && GtQ[p,0] && LeQ[p,q]

Int[cos[d_.+e_.*x_]"m_x(a_+b_.*sin[d_.+e_.*x_]"p_+c_.*cos[d_.+e_.*x_]~q_)"n_,x_Symbol] :=
Module[{f=FreeFactors[Tan[d+exx],x]},
f/exSubst [Int [ExpandToSum|c+bx (1+f 2xx"2) A (q/2-p/2) +ax (1+f12xx"2) 2 (q/2) ,x] *n/ (1+F 24x"2) ~ (m/2+4n%q/2+1) ,X] , X, Tan [d+exx] /] ] /;
FreeQ[{a,b,c,d,e},x] & IntegerQ[m/2] && IntegerQ[p/2] && IntegerQ[q/2] && IntegerQ[n] && GtQ[p,0] && LeQ[p,q]



Rules for integrands of the form trig(d+e x)~m (a+b cos(d+e x)~p+c sin(d+e x)~g)"n

2: JSin[d+ex]"‘ (a+bCos[d+ex]P+cSin[d+ex]?)" dx when %ez A ';-ez A %ez ANEZ AB<q<p

Derivation: Integration by substitution

Basis: Cos[z]? == %ﬁ%

e 2 1
Basis: Sin[z]“ = 1+Cot[z]2

Basis: If % e 7, then
x2 1

Sin[d+ex]mF[Cos[d+ex]2, Sin[d+ex]2} ::—%Subst[F L X, Cot[d+ex]}OXCot[d+ex]

<1+X >m/2-1

Rule:if 2 ez A S ez A $ezZ AneZ AO<q<p,then

n

dx, X, Cot[d+ex]]
e

[J\(a (1+x2)p/2+bxp+c (1+x2);’;)

1
J\Sin[d+ex]'“(a+bCos[d+ex]'°+cSin[d+ex]q)"d1x—> -— Subst y—
(1+X2)m +np/2+

Program code:

Int[sin[d_.+e_.*x_]"m_x(a_+b_.xcos[d_.+e_.*x_]"p_+c_.*sin[d_.+e_.+x_]~q_)"n_,x_Symbol] :=
Module [ {f=FreeFactors [Cot [d+exx],x]},
-f/exSubst [Int[ExpandToSum[ax (1+f 2#x"2)" (p/2) +bxf pax"p+cx (1+F124x"2) * (p/2-q/2) ,X] A/ (1+F72%x72) A (m/2+n%p/2+1) 5X] 5%,
Cot[d+e*x]/f]] /5
FreeQ[{a,b,c,d,e},x] & & IntegerQ[m/2] && IntegerQ[p/2] && IntegerQ[q/2] && IntegerQ[n] && LtQ[0,q,p]

Int[cos[d_.+e_.*x_]"m_*(a_+b_.*sin[d_.+e_.*x_]"p_+c_.*cos[d_.+e_.*x_]"q_)"n_,x_Symbol] =
Module [ {f=FreeFactors[Tan[d+exx],x]},
f/exSubst [Int [ExpandToSum[a (1+f 2xx"2) A (p/2) +bxfApsx"p+cx (1+F 2xx22) A (p/2-0/2) ,x] *n/ (1+F224x72) A (m/2+n%p/2+1) ,X] , X,
Tan[d+exx]/f]] /;
FreeQ[{a,b,c,d,e},x] & & IntegerQ[m/2] && IntegerQ[p/2] && IntegerQ[q/2] && IntegerQ[n] && LtQ[0,q,p]



Rules for integrands of the form trig(d+e x)~m (a+b cos(d+e x)~p+c sin(d+e x)~g)"n

2. |Cos[d+ex]" (a+bCos[d+ex]P+cSin[d+ex]?)"dx when fez A -Z—ez A £;~ez ANez

1: JCos[d+ex]m (a+bCos[d+ex]?+csSin[d+ex]?)" dx when %ez A f;-ez A %ez ANEZ AO<psq

Derivation: Integration by substitution

Basis: Cos [z]2 == %ﬁ%

e Q3 2 __ 1
Basis: Sin[z]“ == T Cot[2]?
Basis: If g € Z,then

x2 1

Cos[d+ex]mF[Cos[d+ex]2, Sin[d+ex]2} ::—%Subst{F sl oy Cot[d+ex]}@XCot[d+ex]

<1+X2> m/2+1 23

Rule:lf%eZ/\ %eZ/\ %eZAneZA@<psq,then

dx, X, Cot[d+ex]]

J(c+bxp (1+x2)%';+a (1+x2)q/2)n

1
Cos[d+ex]" (a+bCos[d+ex]P+cSin[d+ex]?)"dx — ——Subst[
(1 +x2)m/2+nq/2+1

e

Program code:

Int[sin[d_.+e_.*x_]"m_x(a_+b_.*cos[d_.+e_.*x_]"p_+c_.*sin[d_.+e_.+x_]~q_)"n_,x_Symbol] :=

Module[{-F:Fr‘eeFactor‘s [Cot[d+exx],x]},

-f/exSubst [Int [ExpandToSum[c+bx (1+fA2xx"2)~ (q/2-p/2) +a* (1+F 2xx2) 2 (q/2) ,x] *n/ (1+F72%x"2) A (m/2+n%q/2+1) ,x] ,X,Cot [d+exx] /F]] /;
FreeQ[{a,b,c,d,e},x] & & IntegerQ[m/2] && IntegerQ[p/2] && IntegerQ[q/2] && IntegerQ[n] && GtQ[p,0] && LeQ[p,q]

Int[cos[d_.+e_.*x_]"m_*(a_+b_.*sin[d_.+e_.*x_]"p_+c_.*cos[d_.+e_.*x_]"q_)"n_,x_Symbol] =

Module [ {f=FreeFactors[Tan[d+exx],x]},

f/exSubst [Int [ExpandToSum|c+bs (1+f 2xx"2) A (q/2-p/2) +a* (1+f12xx"2) 2 (q/2) ,x] *n/ (1+224x"2) A (m/2+4n%q/2+1) ,X] , X, Tan [d+exx] /f]] /;
FreeQ[{a,b,c,d,e},x] &% IntegerQ[m/2] && IntegerQ[p/2] && IntegerQ[q/2] && IntegerQ[n] && GtQ[p,0] && LeQ[p,q]



Rules for integrands of the form trig(d+e x)~m (a+b cos(d+e x)~p+c sin(d+e x)~g)"n

2: J‘Cos[d+ex]m (a+bCos[d+ex]P+cSin[d+ex]?)" dx when %ez A ';-ez A %ez ANEZ AB<q<p

Derivation: Integration by substitution

Basis: Cos[z]? == %ﬁ%

e 2 1
Basis: Sin[z]“ = 1+Cot[z]2

Basis: If % e 7, then
x2 1

Sin[d+ex]mF[Cos[d+ex]2, Sin[d+ex]2} ::—%Subst[F L X, Cot[d+ex]}OXCot[d+ex]

<1+X >m/2-1

Rule:if 2 ez A S ez A $ezZ AneZ AO<q<p,then

n

dx, X, Cot[d+ex]]
e

[J\(a (1+x2)p/2+bxp+c (1+x2);’;)

1
J\Cos[d+ex]'“(a+bCos[d+ex]'°+cSin[d+ex]q)"d1x—> -— Subst y—
(1+X2)m +np/2+

Program code:

Int[sin[d_.+e_.*x_]"m_x(a_+b_.xcos[d_.+e_.*x_]"p_+c_.*sin[d_.+e_.+x_]~q_)"n_,x_Symbol] :=
Module [ {f=FreeFactors [Cot [d+exx],x]},
-f/exSubst [Int[ExpandToSum[ax (1+f 2#x"2)" (p/2) +bxf pax"p+cx (1+F124x"2) * (p/2-q/2) ,X] A/ (1+F72%x72) A (m/2+n%p/2+1) 5X] 5%,
Cot[d+e*x]/f]] /5
FreeQ[{a,b,c,d,e},x] & & IntegerQ[m/2] && IntegerQ[p/2] && IntegerQ[q/2] && IntegerQ[n] && LtQ[0,q,p]

Int[cos[d_.+e_.*x_]"m_*(a_+b_.*sin[d_.+e_.*x_]"p_+c_.*cos[d_.+e_.*x_]"q_)"n_,x_Symbol] =
Module [ {f=FreeFactors[Tan[d+exx],x]},
f/exSubst [Int [ExpandToSum[a (1+f 2xx"2) A (p/2) +bxfApsx"p+cx (1+F 2xx22) A (p/2-0/2) ,x] *n/ (1+F224x72) A (m/2+n%p/2+1) ,X] , X,
Tan[d+exx]/f]] /;
FreeQ[{a,b,c,d,e},x] & & IntegerQ[m/2] && IntegerQ[p/2] && IntegerQ[q/2] && IntegerQ[n] && LtQ[0,q,p]



